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Poincaré Covariance of Relativistic
Quantum Position
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A great number of problems of relativistic position in quantum mechanics are because
of the use of coordinates that are not inherent objects of spacetime, cause unnecessary
complications, and can lead to misconceptions. We apply a coordinate-free approach to
rule out such problems. Thus it will be clear, for example, that the Lorentz covariance
of position, required usually on the analogy of Lorentz covariance of spacetime coordi-
nates, is not well posed and we show that in a right setting the Newton—-Wigner position

is Poinca€’ covariant.

1. INTRODUCTION

The position observable in relativistic quantum mechanics is an old problem
without a fully satisfactory solution; good summaries of the question are given
by Kalnhay (1971) and Bacry (1988). The trouble is that there is no position ob-
servable that has all the natural properties we expect on the base of nonrelativistic
guantum mechanics and, moreover, satisfies the requirement of covariance. Earlier
position was looked for as a family of Lorentz covariant operators, then projection
valued measures or positive operator valued measures were investigated in a sys-
tem of imprimitivity (Ali, 1998; Wightman, 1962). Recent publications deal with
a collection of projections or positive operators, which are related to the struc-
ture of spacetime in a convenient way (Bush, 1999; Giannitrapani, 1998). While
Wightman considered covariance under Euclidean transformations only, Ali's new
approach takes Lorentz covariance into account. However, his treatment involves
extra structures whose relation to the problem is not completely clear, as is pointed
out in the Discussion.
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Most of the difficulties concerning Lorentz covariance are because of the
fact that in all of these treatments spacetime is considered in coordinates. “Much
conceptualization in contemporary physics is bogged down by unnecessary as-
sumption concerning a specific choice of coordinatés(Post, 1971), which
results in needless complications and can lead to conceptual errors, too. For in-
stance, it is false to require Lorentz covariance of the position observable on the
analogy of Lorentz covariance of spacetime coordinates (see Section 3).

In this paper we put the problem of position observable into a structure
of Spacetime without reference frameghich eliminates the irrelevant matters,
throws new light on the old results, and admits new ones, too.

To illustrate the misleading feature of coordinates, let us recall some usual
statements regarding position observable.

1. “The laws of physics should be invariant under transformations of refer-
ence frames. This symmetry is guaranteed by postulating the existence of
ten infinitesimal generators” of a unitary representation of the Paéncar’
group (Jordan and Mukunda, 1963).

It is the free particles that are classified by representations of the
Poinca€g group; only closed systems have Poiecgnmmmetry. The equiv-
alence of reference frames is independent of what is described, a closed
system or a nonclosed one. If we (Bgacetime without reference frames
then passive-Poincartransformations of reference frames will be of no
importance, while active-Poinatfansformations are the automorphisms
of spacetime and become symmetries of a free system. The confusion of
active- and passive-Poinegtransformations yields that one tries toimpose
the same transformation rule on position coordinates as on the spacetime
coordinates.

2. “... it would be difficult to conciliate the operator character of position
with the parameter character of time” (Bacry, 1988).

The use of coordinates confuses some notions: there is spacetime,
there are (different) times and (different) spaces according to (different)
inertial observers; but position observable (with respect to an observer),
whatever it is, though being related to, is not equal to the space of the
observer in question. We can define spacetime position as a family of
observables with respect to an arbitrary obsenyénese observables have
atimelike component and a spacelike component relative to an obsérver
The timelike componentisanumber if and only ifi = u’ (see Section 3).

3. The main objection to the Newton—Wigner position (Newton and Wigner,
1949)—besides that it is not Lorentz covariant—is that “localization
should also be Lorentz invariant,” but it turns out that “if a state is lo-
calized for one observer, it is no longer localized for another one,” which
contradicts Lorentz invariance (Kalnay, 1971).
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Lorentz invariance does not mean that something must be the same
for all observers. Let us consider a classical mass point: it can be at rest
with respect to an observer but this does not imply that it must be at
rest with respect to all observers. Replacing “at rest” with “localized,”
we see that the statement “if a state is localized for one observer, it is no
longer localized for another one” does not break Lorentz invariance (see
Section 4).

2. SPECIAL RELATIVISTIC SPACETIME MODEL

We shall useSpacetime without reference framietroduced by Matolcsi
(1993) to investigate the problems of position operator. In such a framework,
working withabsolute objects.e. with ones free of coordinates and distinguished
observers, we rule out questions regarding Lorentz covariance in the conventional
treatments. Although the advantages of this model are well known (Kadianakis,
1991, 1996; Matolcsi, 1985, 1998; Matolcsi and Gruber, 1996), a brief recapitu-
lation of its fundamental concepts is worthwhile.

In usual treatment, spacetime is considered t@ ber®. While spacetime
indeedcanbe represented iy x R3, itis also possible to work with less particular
mathematical objects. The physical meaning belindr? is fixing an observer,
an origin, and some coordinate axes. Thus, in the usual treatment what really
happens is the following: one defines the spacdthe time of an observer and
then gives transformation rules to change observers. Spacetime as an affine space
endowed with some further structure (e.g. Lorentz form) can be well treated mathe-
matically without appealing t& x R3. Instead of giving transformation rules,
we can define the notion of an observer and tbalculatehow things seem for
different observers.

Let us now formalize the essence of this spacetime model and fix some
notations. LeM be a four-dimensional oriented real vector space, wtilis an
affine space oveM , representing the set of spacetime vectors and spacetime points,
respectively. Let be a one-dimensional oriented real vector space: the measure
line of spacetime distances (thus, for example the time unit S (second) is an element
of 1). Although spacetime distances could be measured in real numbers after fixing
a unit, this would keep us away from talking about the physical dimension of
guantities in question.

Further let- : M x M — | ® | be symmetrical, bilinear map of the type
of 3 plus 1 minus (Lorentz product), endowed withamow orientationwhich
determines thé&uture directedimelike and lightlike vectors. Note that the Lorentz
product of two spacetime vectors is an elemerit®fl, that is, it has the physical
dimension of &.

Many times division by time intervals occurs, e.g. in derivation of velocity.
Such a procedure is handled properly through the use of the tensorial quotients of
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vector spaces. Thus an absolute velocity, which is a spacetime vector over a time
interval, is an element df1/l . The Lorentz product can be naturally transferred
ontoM/I where it will be real valued.

The set of absolute velocities is

V(1) ::{u € I\I/I—

u-u=—1,uis future directe(} .

Given au € V (1), we define
E,.=xeM|u.-x=0}

which is a three-dimensional spacelike linear subspadd .of he restriction of
the Lorentz product ontg, is anl ® | valued Euclidean product.

Every spacetime vector can be uniquely split into the sum of a timelike vector
parallel tou and a spacelike vector i, in other words, we can give thesplitting

M — | x Ey, X = (Tu(X), wu(X))
where
Tu(X) == —u - X, mu(X) = X — Ty(X)u.

The best way to formalize our picture about an observer is to define it to
be a collection of world lines that satisfies some requirements (e.g. no self-
intersections). A point of the space of an observer is in fact a world line. An
inertial observer is an observer with only straight, parallel world lines; thus an
inertial observer can be given by an absolute velouity VV(1). According to
Einstein’s synchronization, spacetime poirtandy are u-simultaneousf and
only if u- (x — y) = 0, in other wordsx — y € E,. Thusu-simultaneous space-
time points form an affine hyperplane ougg. A u-simultaneous hyperplane is
considered to be a-instantand the set, of such hyperplanes is the time of
the observer, briefly the-time The time interval betweeun-instantst; andt; is
defined to be

tp —ti=Tu(Xt —X2) (X1 € t1, X2 € 1))

which is a good definition as it is independent of the choice;ofind x,. 1,
endowed with this subtraction is an affine space dver

The space points of the inertial observeare straight lines in spacetime,
parallel tou. The space of the observar denoted byE,, endowed with the
subtraction

G — G :=7y(Xe —X2) (X1 €0, X € Qo)

is an affine space over the vector spége(the definition is independent of the
choice ofx; andxy).
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The Lorentz group is
L={L:M—>M|Lislinear,Lx - Ly =x-y(X,y € M)}.

Orthochronous Lorentz transformations preserve the arrow orientation of the
Lorentz form.

The three-dimensional orthogonal group is not a subgroup of the Lorentz
group (contrarily to the usual statement in the coordinatized treatment). For all
ueV(),

Oy:={L € L|Ly=u}

is a subgroup of the Lorentz group, which is isomorphic to the three-dimensional
orthogonal group (in fact the restrictions of the element®gfonto the three
dimensional Euclidean spaég are orthogonal mapsy?, andO, are different
if u£u.

Similarly, the time inversion and the space inversion are not elements of the
Lorentz group. For alli € V(1) we can give the-time inversion and tha-space
inversion:

X > =1y (XU + 7y (X), X = 17u(X)U — my(X).
The Poincag’group is
P:={L:M — M|Lisaffine,L € £}

whereL denotes the linear map under A Poinca¥g transformation over an or-
thochronous Lorentz transformation is called orthochronous.

The Lorentz group is not a subgroup of the Poiecgroup (contrarily to
the usual statement in the coordinatized treatment); it cannot be, because Lorentz
transformations arbl — M linear maps, Poincarfransformations ar®l — M
affine maps. For alb € M,

Lo:={L € P|L(0c)=0}

is a subgroup isomorphic to the Lorentz group, li4tand £, are different
for differento ando’. The elements of, are calledo-homogeneous Poinaar’
transformations.

Of course, neither the time inversion nor the space inversion are elements of
the Poincag’group. We can only define a time inversion with respect to an observer
u and a time (ai-instantt).

Forallu € V(1) andt € I,

Cut ' ={LeP|L[t]=t}

is a subgroup of the Poinagroup; the restriction of its elements orttare
Euclidean transformations of the hyperplanenoreover, it contains the-time
inversion with respect to the-instantt.
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3. POSITION OBSERVABLE(S)

We investigate the position observable of a free particle; thus we accept
that an irreducible unitary ray representatidof the spacetime symmetry group
(Poinca¥g group) is given on the Hilbert space of states of the particle.

We mention thatin the absolute description a state is in fa@esga history
of what happens). The representation reflects the fact that a spacetime symmetry as
a transformation turns a possible process of a closed system into another possible
process (thus, the representation does not refer to changes of coordinate systems).

A convenientway to describe physical quantities such as position is to use pro-
jection valued measures or positive operator valued measures. Wightman (1962)
defined localization, i.e. position of a free particle as a projection valued measure
P defined on the Borel subsets of space suchLﬂ@;ﬁ(E)Ugl = P(YE]) for all
Borel subset& of space and fog being an arbitrary Euclidean transformation in
space or the time inversion, whelteis the corresponding representation of the
Poinca¥g group.

Because neither the space nor the Euclidean subgroup of the Rogmoap
nor the time inversion exist, we reformulate this approach in our framework as
follows:

Consider an observerand au-instantt. For every Borel seE € B(t) there
should be a projectioR, ;(E) standing for the event of the particle being located
in E. By the natural expectations of localizatidf,: is required to be a projection
valued measure having the following connection with the representation of the
Poinca¥g group.

UsPut(E)Ugt = Py (SIE]) (1)

for all E € B(t) and S € &, ;. Because we only want to deal with a one particle
system, in the following we will always consider an irreducible representation of
the Poincag’group.

Applying Wightman's proof, we can state that for fixe@ndt, a projection
valued measure satisfying (1) is unique under some regularity conditions.

Note that we havenanyspacelike hypersurfaces, and of course, localization
on one of them is not the same as on another one. Furthermore, the transformation
rule (1) says nothing about the relation betw&gpnandP, » foru’ = uort’ # t.
Nevertheless, the following nice transformation property can be shown:

Proposition 1. Let an imprimitivity system (1) be given for alle V(1) and
t € I,. If Wightman’s regularity condition holds then
UL P, (E)U ! = Py, (LLED) (2)

for all u e V(2), t € |, Borel subset E of t and for all orthochronous Poinear
transformations L.
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Proof: LetL be fixed; putting
Put(E) = U Pru g (LIEDUL

we find thatPut satisfies (1), because$ e &, thenLSL™ Yisin &L, L. The
regularity condition forPut trivially holds. As a consequence of unlqueness we
have the desired result.c

It is known that integrating the space coordinates by Wightman'’s projection
valued measure, one gets the Newton—Wigner position.

Accordingly, by choosing a spacetime origin with the aid of the above
projection valued measure we can construct a family of position operators:

ut:_f(ldt—o)dPut (oe M,ue V(Q),t € Iy).

WY, is anM valued totally self-adjoint vector operator, which we call the
centered generalized Newton—Wigner position atiiestantt.
Using the transformation properties of integration by projection valued mea-
sure we can easily find the transformation rule of the members of the family of
generalized Newton—Wigner positions:

Proposition 2.

ULWl(J),tUL_l = L_lWLLuO,L[t] 3

We now understand that the above equality is the Poencavariance of the
generalized Newton—Wigner position. We emphasize that this Peicoagriance
of the family of positions does not refer to the equivalence of reference frames;
it reflects the properties of the particle according to what has been said in the
beginning of the current Section.

It is important to see tha?\lg, is a “four-vector” M-valued) but it does
not transform as a spacetime-vector, i.e. for a fiked and spacetime origin
o0 € t (which corresponds to the usual considerations in coordinafesy W?
is not a “four-vector operator'ty |_‘1QUL # L Q for ano-homogeneous Poinaar”
transformatiorL.

The u-spacelike component diVf, corresponds to the original Newton—
Wigner position. It is interesting, however, that we can conside #spacelike
components, too. Applying (3), we easily find the following:

Proposition 3. The u’-spacelike component of W transforms as au’-
spacevector, that is,

Upmry (WO UL = Rty (WE,)



86 Farkas, Kurucz, and Weiner

for o-homogeneous k &, v if and only ifu = u’, whereR is the restriction oL
onto E, (a rotation inE,).

The generalized Newton—Wigner position has timelike component, too, for
which we derive the following interesting result.

Proposition 4. Theu'-timelike component of §Y is a c-number if and only if
u=u.

Proof: Using the properties of integration by projection valued measures, it is
easy to see that theé-timelike component is a c-number if and onlyrif(id; — 0)

is constant almost everywhere according?g. It is constant only on the two-
dimensional affine subspacestgfarallel toE, N E, . But considering the trans-
formation rules (2), it is impossible that the supportRf; is in one of these
subspaces. O

4. LOCALIZATION AND CAUSALITY

Let us investigate localization problem in our framework. We conceive that
a stated (i.e. an element of the Hilbert space)dgalizedin a setkE € 5(t) at a
u-instantt if P,;(E)® = & holds. Poincainvariance of localization means that
if @ is localized inE at au-instantt andL is a proper Poincartransformation
thenU_ @ is localized at thé_u-instantL[t] in L[E], which trivially holds.

Now it is clear that the requirement of Lorentz invariance, “if a state is lo-
calized for one observer, it must be localized for all other ones” is not well posed.
Lorentz invariance—or rather Poinearivariance—should mean thaa state is
localized for one observer then a Poinédransform of the state must be localized
for the correspondingly transformed observer

By causality, we expect thatd is localized inE € B(t) then® is localized in
(E4+T)nt € B{t'), thatis,P, v((E + T)Nt)® = & holds for every observer
U’ andu’-instant’, whereT denotes the cone of timelike vectoféie existence of a
state localized for one observer and not localized for anotheriomethe existence
of a stated such thatP,;(E)® = ® forat e I, but Py v ((E+ T)Nt)D # @
for someu’-instantt’ denies causality but not the Poin&invariance

The acausal feature of the Dirac equation is well known and thoroughly treated
in the literature (Hegerfeldt, 1985; Hegerfeldt and Ruijsenaars, 1980; Ruijsenaars,
1981).

Causality requirement yields th&, ;(E) and Py (E’) should be orthog-
onal if E and E’ are spacelike separated. It is known that a projection valued
map defined on the bounded Borel subsets of spacelike hyperplanes satisfying
covariant transformation rules and causality({(E), Py «(E’)] = 0) is equal to
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zero (Bush, 1999; Malament, 1996). That is why the generalized Newton—Wigner
position violates causality, though being Poirecaovariant.

5. DISCUSSION

In this paper we have investigated an old problem in relativistic quantum
mechanics: to find Poincardovariant position operator. We have used a special
relativistic spacetime model free of distinguished observers and reference frames.
With the aid of this formalism it is obvious how physical quantities such as position
are connected to observers of spacetime.

For different observers, position corresponds to localization on different, not
even parallel hypersurfaces; and for a single observer but different time instants,
it corresponds to localization on parallel but still not equal hypersurfaces.

Therefore, instead of single position, we have a Poina@iovariant fam-
ily of position operators, the generalized Newton—Wigner position, labelled by
observers, time instants, and spacetime origins. Each member of the family is
an M valued vector operator whose spacelike and timelike components behave
differently for different observers.

The power of the spacetime model is reflected in the fact that Wightman’s
uniqueness statement on a system of imprimitivity is the only tool in deriving our
result; further, we emphasize that our treatment involves only projection valued
measures (and avoids positive operator valued measures).

A nice Lorentz covariance theorem of position was given by Ali (1998). In
that paper, however, position is based on positive operator valued measures and
it needs the notion of generalized systems of covariance. As a tool in the proof
a tight family of coherent states is used, which is extraneous to the problem of
position. Moreover, because a coordinatized formulation is used, the role of the
observers is not clarified, only one hyperplane (corresponding to the “zero time
point” coordinate) is considered for each observer, and spacetime origins do not
appear—that is why spacetime translations are not treated.
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